
I. APPENDIX
What VRA Guarantees. VRA provides a step-wise realiz-

ability contract at the actuator current level. At each discrete
step k , VRA constructs an admissible q-axis current interval
Ik from the voltage constraint. Any executed command is
obtained by projecting onto Ik, hence it admits an actuator re-
alization that respects the voltage limit under the stated model
assumptions (Lemma 1). VRA does not provide trajectory-
level invariance, viability, or safety guarantees. It only ensures
that kinematically admissible accelerations are not silently
unrealizable due to voltage limits.
This appendix provides additional derivations and imple-

mentation details omitted from the main paper due to space
constraints, with the goal of improving technical clarity and
reproducibility. We offer an open-source project 1, including
the MATLAB Simulink model of VRA, the commonly used
joint-level kinematic envelop VBAC, the USB2FDCAN com-
munication driver, and the actuator driver used in experiments.

A. Motor Physics
We briefly restate the actuator model from the main pa-

per to keep this appendix self-contained. Permanent-magnet
synchronous motors (PMSMs) are widely used in robotic
systems [2, 1, 6]. Both surface-mounted (SPMSM) and interior
(IPMSM) PMSMs are subject to a current-limit ellipse (CLE)
and a voltage-limit ellipse (VLE) [5], as illustrated in Fig. A1.
The VLE is velocity dependent, reflecting the fact that the
available voltage budget constrains achievable torque as joint
speed increases. For a fixed id, the intersection of the constant-
torque line (CTL) with the VLE defines the maximum feasible
torque at that speed. When the torque required to realize a
commanded joint acceleration exceeds this limit, the command
becomes physically unrealizable due to the voltage constraint.
Therefore, the proposed method does not address PMSM con-
trol itself, but instead proposes a contract between kinematic
reasoning and actuator physics.

B. Implementation Details
For notation brevity we write Str,k(q̇k) and Sst,k(q̇k), but

both sets are computed online from the measured state and
input history (e.g., q̇k−2, iq,k−1, and uk−1). Thus, they are
not purely functions of q̇k and computed through (12a)-(12i)
in the main paper.

1) Admissible Current Set: The set of admissible q axis
current is the intersection of Str(q̇k) and Sst(q̇k). Str(q̇k) is the
instantaneous feasibility of the current, and it’s tuning-free.
Sst(q̇k) provides a look-ahead constraint that anticipates near-
future back-EMF effects, and explicitly depends on M and
s.
To construct a practical Sst(q̇k), we account for three

considerations. (i) External actuator loads. In general, (12g)
should include the external load torque:

ûstq,k := iq,kRs+
(
q̇k−1+

ktiq,k − τload
M

s∆t
)
pφ+uresq,k, (A1)

1https://github.com/jointlevelVRA/VRA_Drivers
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Fig. A1: PMSM constraints. (Right) The operating region of
PMSM-based actuators is bounded by the current-limit ellipse (CLE)
and the speed-dependent voltage-limit ellipse (VLE). For a fixed
id, the intersection of the constant-torque line (CTL) with the VLE
determines the maximum achievable torque at a given speed. (Left) If
a commanded acceleration requires torque beyond this VLE-imposed
limit, the realized torque is distorted once the VLE becomes active
(illustrated by the per-unit traces). ωc denotes the corner speed, ωm

the maximum speed under id = 0, and p.u. denotes per-unit.

where τload denotes the net external torque acting on the
actuator. In this work, we deliberately neglect τload, since
the exact contact sequence and external forces of legged
robots are generally difficult to estimate reliably online. Many
approaches assume a predefined gait [4, 3] and model only
gravity and centrifugal terms, treating the remaining interac-
tion forces as disturbances. Following this practice, we drop
τload and absorb its effect into unmodeled disturbances.
Remark A1 (Effect of External Loads and Impacts).
The admissible current set Ik is derived without explicitly
modeling external load torques. In implementation, moderate
unmodeled effects are treated as residual voltage terms and
compensated step-wise. VRA is intended to remain valid as
long as these disturbances do not drive the actuator outside
the assumed voltage-feasible operating regime. We do not
claim formal robustness guarantees, and this remark only
clarifies how moderate disturbances enter the residual voltage
compensation in practice.
(ii) Look-ahead step s. We introduce a look-ahead step to

account for non-negligible latency between command issuance
and feedback availability. Such delays can cause unrealizabil-
ity on hardware even when the algorithm, operating on delayed
measurements, predicts feasibility. The latency depends on
the communication stack (e.g., EtherCAT at the µs scale
versus SPI-CAN [2] at the ms scale). In our system, the
communication delay is 3–4 ms, and we therefore choose
s = 10 steps.
Remark A2 (Interpretation of the Look-Ahead Parameter
s). The parameter s is a tunable anticipation hyperparameter
(not a physical inertia) that encodes a conservative look-ahead
horizon for voltage feasibility under discretization mismatch
and command/feedback latency. Practically, s is chosen to
exceed the measured delay so that Sst constrains near-future
back-EMF demand, reducing saturation and switching-prone
behavior near kinematic boundaries. The look-ahead step s
is defined in execution steps, i.e., the look-ahead window is
s∆t (not s∆tp), and we choose s∆t to exceed the measured
command-to-feedback delay.
(iii) Inertial hyperparameter. Accurate inertia identifica-



TABLE A3: Fitted MOR boundary from dynamometer data at 48V.

Parameter 8115 (48V) 6210 (48V) Unit

Boundary model τ48
max(q̇) = a48q̇ + b48 same –

a48 −4.5622 −2.1749 N·m·s/rad
b48 125.1373 74.92 N·m
R2 0.9944 0.9901 –

tion is challenging in practice, and the effective inertia can
vary across maneuvers. Since M strongly influences Sst(q̇k),
we introduce a tunable gain z and use Mz as an effective
constant mapping from torque to acceleration. The parameter
z is tuned to match the empirically observed torque limit when
s = 1. With these considerations, we implement (12g) as:

ûstq,k := iq,kRs +
(
q̇k−1 +

ktiq,k
Mz

s∆t
)
pφ+ uresq,k. (A2)

Note that this gain only affects the conservatism of the
acceleration bound, not the voltage feasibility that defines Ik.
The “empirically observed torque limit” refers to the maxi-
mum realized torque under step-torque tests before sustained
VLE activation (same motor/drive setting as Table A2), and z
is fixed thereafter across all trials for that motor.

2) Voltage Bus and Voltage Budget: The DC bus voltage
Vbus is the power-supply voltage of the robotic system, while
the voltage budget Vlimit is the constant voltage constraint used
in VRA. Under SVPWM (without over-modulation), they are
related by

Vlimit = α
Vbus√
3

(A3)

Here α is a tunable hyperparameter that adjusts the voltage-
based velocity limit encoded in (11).
With the admissible current set Ik and the voltage budget

Vlimit specified above, we present VRA in Algorithm A1,
which computes the voltage-feasible acceleration set at each
step and projects the commanded acceleration onto this set for
execution.
Remark A3 (When VRA Adds Conservatism). When the
voltage budget is sufficient, the voltage-feasible set Ik con-
tains the nominal acceleration demand, so VRA recovers
the original kinematic envelope and introduces no extra re-
striction. Additional conservatism appears only near voltage-
limited regimes, where VRA intentionally tightens admissible
accelerations to avoid kinematically admissible but physically
unrealizable commands.

C. Experimental Details
For the first experiment, we evaluate the proposed method

on two SPMSM actuators (Fig. A2) under multiple operating
conditions, and the corresponding motor parameters are listed
in Table A2. For all subsequent experiments, we use the 8115
motor, including validation on a quadruped wheel-legged robot
equipped with the same 8115 actuators.

1) Acceleration Bounds from Voltage Constraints: Con-
structing MOR. Following [7], the motor operating re-
gion (MOR) is defined as a speed-dependent linear torque
boundary

τ ub(q̇) = a48q̇ + b48, (A4)

Algorithm A1 Proposed VRA
Require: motor state xk−1 = (qk−1, q̇k−1), raw accelera-

tion command q̈rk, sampled feedback iq,k−1,uk−1, motor
parameters, joint position bound qub, execution step ∆t,
kinematic envelope step ∆tp, look-ahead step s

Ensure: realizable q̈k
1: q̇k ← q̇k−1 Assumption 1
2: un

k−1 ← NominalVoltage(q̇k−1, iq,k−1) (12a)(12b)
3: ures

k ← un
k−1 − uk−1 Assumption 2

4: Sst,k ← ComputSettr(ures
k , q̇k−1, iq,k−1,∆t, s) (12f)

5: Str,k ← ComputeSetst (ures
k , q̇k−1,∆t) (12g)

6: Ik = Sst ∩ Str
7: [q̈lbk , q̈

ub
k ]← NominalDynamics({iq,k, iq,k ∈ Ik}) (12k)

8: q̈maxk ← SelectBrakingLimits(q̇k−1, q̈
lb
k , q̈

ub
k ) (13a)(13b)

9: [q̈lbp,k, q̈
ub
p,k]← KinematicEnvelop(∆tp, q

max, q̈maxk )

10: q̈p,k ← Clamp(q̈lbp,k, q̈ubp,k, q̈rk)
11: q̈k ← Clamp(q̈lbk , q̈ubk , q̈p,k)
12: return q̈k

(a) Motor 8115 (b) Motor 6210

Fig. A2: Motors used in the experiments. The two motors have
similar ratings but different inertia and pole-pair configurations,
allowing evaluation across distinct actuator characteristics.

TABLE A2: Motor parameters and low-level drive settings used in
experiments.
Symbol Motor 8115 Motor 6210 Unit Source

Flux linkage φ 0.005357 0.005257 Wb Measured
Phase Inductance Ls 0.000105 0.000109 H Measured
Phase Resistor Rs 0.1625 0.14237 Ω Measured
Pole pairs Np 21 14 - Datasheet
Torque limit τmax 35 25 N · m Identified
Inertia J 0.007 0.003 kg · m2 Identified
Motor Diameter D 95 75 mm Measured
Gear ratio Gr 9.75 10.75 - Config

Low-level drive and control
Current control FOC (dq-PI) same – Config
PWM frequency fsw 80 same kHz Config
Cuurent-control period Ti 25 same µs Config
Current-loop bandwidth fi 1100 same Hz Identified
Current limit Imax 40 same A Config
Bus voltage Vbus 19-48 same V Config
Cmd update rate fcmd 1000 same Hz Config
Fb Sampling period ∆t 0.001 same s Config
Cmd-fb delay Td 4 same ms Measured

The current-loop bandwidth is the closed-loop −3db cutoff of i∗q → iq . The
command-to-feedback delay includes q,q̇, iq . The two motors are shown in
Fig. A2

where a48 and b48 are identified from dynamometer measure-
ments collected at a 48 V voltage (See Table A3). Because
our experiments run at lower bus voltages, we scale the MOR
boundary according to the available voltage budget, using the
same budget definition as (A3). This scaling preserves the
original MOR shape while accounting for reduced voltage
headroom, and represents a best-effort adaptation of MOR
under varying bus voltages. We then linearly scale the MOR



Proposed0.05Proposed0.01VBRAC0.01

𝑞𝑞max

Raw 

𝑞𝑞max

VBRAC0.01 Proposed0.01Raw 

𝑞̇𝑞max

𝑞̇𝑞max

Constraint-induced
Pattern Change(VBRAC)

Motor 8115

Motor 6210

Motor 8115

Motor 6210

ProposedMOR [9] ProposedMOR [9]

Jagged

Non-jagged

Voltage Budget

Overshoot

(a) Slew rate of acceleration realization.

Proposed0.05Proposed0.01VBRAC0.01

𝑞𝑞max

Raw 

𝑞𝑞max

VBRAC0.01 Proposed0.01Raw 

𝑞̇𝑞max

𝑞̇𝑞max

Constraint-induced
Pattern Change(VBRAC)

Motor 8115

Motor 6210

Motor 8115

Motor 6210

ProposedMOR [9] ProposedMOR [9]

Jagged

Non-jagged

Voltage Budget

Overshoot

(b) Voltage magnitude.

Fig. A3: Underlying reason why VRA improve acceleration feasibility. (a) Acceleration realization slew rate over a short window: MOR
exhibits jagged, switching-prone behavior, while the proposed method remains non-jagged. (b) Corresponding voltage magnitude trajectories
over a longer window: MOR frequently produces voltage overshoot beyond the available voltage budget, whereas the proposed method stays
within the budget with reduced saturation risk.

intercept term as

bv = b48
αVbus

48
. (A5)

Thus, for 24 V and 36 V experiments, b24 = 0.45b48 and
b36 = 0.675b48. Concretely, for 8115 motor, b24 = 56.31 Nm
and b36 = 84.48 Nm; for the 6210 motor, b24 = 32.36 Nm
and b36 = 48.55 Nm.
Underlying Reason of Improved Feasibility. To quantify

saturation-induced torque distortion, we analyze two time
windows around the step input. The Time Window 1 lasts 15
ms, and denotes the first instant when q̈k reaches the boundary.
We report (i) the fraction of control samples for which the low-
level saturation flag is active and (ii) the torque-command slew
rate over the same interval. In addition, under the stressed
condition (36 V/45 ◦C), we examine the first 100 ms after
the step onset by computing the applied voltage magnitude
∥uk∥, denoted with Time Window 2, and comparing it with the
voltage budget Vlimit, which characterizes both the feasibility
and the smoothness of the voltage trajectory.
Although MOR and VRA can both appear to “clip” infeasi-

ble commands at execution time, they differ fundamentally in
design intent and in what is being constrained. As shown in
Fig. A3, MOR enforces feasibility by post-hoc torque clipping
against fixed, sampled boundaries, which can be inaccurate
under changing conditions. This often yields switching-prone,
jagged torque adjustments near the limit and can manifest as
transient voltage overshoot and saturation. In contrast, VRA
is formulated as an execution-level realizability interface that
exposes a state-dependent, voltage-feasible acceleration set to
upstream kinematic reasoning. Any residual projection at run-
time is only a practical safeguard against model mismatch, and
the resulting torque shaping and voltage trajectories remain
smooth and within the available voltage budget.

2) Kinematic Envelope: Deceleration Bounds. In Experi-
ment 2, the aggressive bound (AB) refers to the min–max con-
stant acceleration limits used in VBAC and the corresponding

realized torque, while the conservative bound (CB) refers to
the nominal constant acceleration limits and the corresponding
realized torque. On Motor 8115, AB and CB correspond to
realized torques of 30 Nm and 20 Nm, respectively. These
two settings are used to represent the constant braking limits
in VBAC.
Interpretation of Failure Modes. In Table II, failures

fall into two categories. (i) Hardware protection: the actuator
driver (DRV8353) triggers fault protection (e.g., over-current
or over-voltage), which terminates execution when infeasible
acceleration commands are issued. (ii) Unrealized acceleration
commands: when the commanded realized torque deviates sub-
stantially from the measured torque, the kinematic execution
becomes invalid, and the trial is marked as a failure. In our
tests, the run with ∆tp = 0.001 s fails due to hardware
protection, whereas the run with ∆tp = 0.005 s fails due
to unrealized commanded accelerations.
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